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Abstract 

In this article we prove an important inequality regarding the Ruelle 
operator in hyperbolic flows. This was already proven briefly by Mark Pol- 
licott and Richard Sharp in a low dimensional case |PS1| . but we present 
a clearer proof of the inequality, filling in gaps and explaining the ideas 
in more detail, and extend the inequality to higher dimensional flows. 
This inequality is necessary to prove a proposition about the analyticity 
of Ruelle zeta functions Q 

1 Introduction 

This article gives a comprehensive and rigourous proof of a lemma by Mark 
Pollicott and Richard Sharp (called "Lemma 2" in |PS1| ). They claim that the 
result was essentially proved in a paper by David Ruelle [Ruj , but Ruelle's paper 
does not state or prove the lemma explicitly. Another proof of the lemma can 
be found in a paper by Frederic Naud |Na| , which clarifies some issues with the 
proof in [PSlj but contains a new error. A similar but weaker result was also 
proven in [PS2 . The three papers |Nal IPS1| IPS2j each prove the lemma briefly 
for low dimensional flows but each proof has significant gaps and even errors. 
In this article the proof follows Naud's approach more closely than the original 
Pollicott-Sharp proof. We recover the original result from [PSlj , but fill in gaps 
in the proof and extend the result to higher dimensional flows. 

Let M be a compact smooth manifold and let <j) t : M — > M be an Axiom A 
flow jPPlj . Then M contains a non- wandering set that can be decomposed into 
basic sets A, C M on which <fi t is hyperbolic and transitive, its periodic points 

oo 

are dense and there exists a neig hbourhood U D A., with Aj = f] f n (U). See 

n— — oo 

|PPlj for full definitions. We use the fact that the periodic points are dense in 
A near the end of the paper. We focus on a single basic set A. 

For any x € M let W*(x), W™(x) be the local stable and unstable manifolds 
through x respectively, as defined in |PP1| . We call a subset A of a stable or 
unstable manifold admissible if A = Int A, where the closure and interior are in 
the induced topology of the local stable or unstable manifold intersected with A. 

1 This article represents the main result of the author's honours dissertation at the Univer- 
sity of Western Australia, supervised by Luchezar Stoyanov. 



A Markov rectangle Ri can be constructed from a point z, £ A and admissible 
subsets Ui C W^(zi) n A and Si C W^(zi) n A using a local product structure 
on A |Dol[ IPPlj . The interior of a rectangle Int Ri can be similarly constructed 
from Int Ui and Int Si- A Markov family of rectangles R\, . . . , Rk C A can be 
constructed as described in [DolLIPPT] . and we let R = Ui=i Ri- 

In [PSlj , the stable and unstable leaves are always one-dimensional and each 
Ui is called an interval. We are working with higher dimensional flows, so the 
unstable leaves could in general have a higher dimension. We call each U{ a 
Markov leaf. The set of Markov leaves is disjoint. We denote U — U»=i Ui an d 
Int U = Ui =1 Int E/i. 

Dchnc the Poincare map : i?, — > R by = (f> r i x )(x) <E R, where r(a;) > 

is the first return time, the smallest positive time such that (f> r M (x) € R. 

Dehne a k x k matrix A by 

/ l:ff(Inti? J )nlnti? J ^0 
^ \ : otherwise. 

We use this matrix to define the symbol spaces Xa and X\ 

A^ = {x = {t[ n }%L : G {1, • • • , fc}, fn+i) = 1, Vn > 0}. 

It is always possible to construct the Markov family such that the matrix A 
is irreducible and aperiodic [PPlJ . 

Define the stable holonomy map tt u : R —> U by 7r u (x) = W^(x) n Ui. Define 
the expanding map / : U U by / = tt™ o H\xj. This map is expanding in the 
sense that there exist constants < 7 < 1 and C\ > such that, if f^(x) and 
/ J (y) are on the same Markov leaf C/j. for every < j < m, we have 

d(x,y)<C ll m d(rxJ m y). (1) 

2 Preliminaries 

2.1 Cylinders 

Definition 2.1. For each n > 0, consider all strings of length n of symbols 
1,2, ... ,k. We call a string a = (ao, ■ • ■ , Qfn-i) a word if it is admissible under 
A, that is, if A(aj, o-j+i) — 1 for all < j < n — 2. For any word a we write 
|a| = n and define a subset of one of the Markov leaves 

u a = u ao n r 1 ^ n . . . n /" ( "- 1) c/ a „_ 1 . 

Here / _1 denotes the preimage. We call this subset a cylinder of length n in the 
leaf U ao . Each C/^ is a cylinder of length 1 and is always a compact set, but other 
cylinders can be open, closed, or neither. If \a\ = \(3\ > 1 then either a = f3 or 
U a r\Uj3 = 0. This is not true in general for the closures U a and Up. A cylinder 
U a is always nonempty, and as the length of a string approaches infinity, the 
corresponding cylinder approaches a single point. Thus a single point in U can 
be represented by an infinite string of symbols, i.e. an element of Xj[. 
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Definitions 2.2. Let a = (ao, ■ ■ ■ , <Xn-x) be a word of length n and let i = 
1, . . . , k. Then if A(a n -x, i) = 1 and ao) = 1, we define 

ad = {ao, a n -i,i), ia = (i, ao,..., a n _i), and a = (a , . . . , a„_ 2 ). 

In general the expanding map /" is not always injective for n > 1. For each 
permissible word a we define an inverse that follows the word backwards. This 
is always possible for points on the interior of a leaf. Let a be a word of length 
n and let x € f(U olrl _ 1 ) n Int Ui for any i with A{a n -x,i) — 1. Define /^(x) 
to be the unique point y such that f n (y) = x and y € U a . For a single symbol 
i we can write = /r (a;). 



2.2 Holder functions 

Definition 2.3. For any A C [/, denote by C(A) the set of all continuous 
functions it) : A — > C, and let w £ C(vl). For any < fi < 1, we say that w 
is \x-H6lder on A, or Holder continuous on v4 with exponent fi, if there exists 
C 2 > such that |u;(x) — w(y)\ < C 2 d(x, yY for all x, y G A fl Uj, i = 1, . . . , fe. 
We define the /i norm of w on A by 

1^1 =sup |K^J^M :x y eAnU h ie {!,..., k},x^y 

When /i = lwe say iu is Lipschitz or Lipschitz continuous. For any admis- 
sible set A, we denote by H^(A) the set of all functions that are /x- Holder on 
A. That is, 

H»(A) = {we C{U) : Mm < oo on A}. 
We also define the infinity norm \w\oo = sup |ui(x)| and a total norm 

x£U 



For an operator L : C(U) — > C(U) we use the operator norm 

||L|| M = sup{^^ :weC(U),w^0}. 
\\ w \\fj. 

Pollicott and Sharp use a different (C 1 ) norm in their paper [PSlJ. 

If / : A C is /i-H61der on some set A in any metric space, then there exists 
a unique extension ext(/) : A — »• C of / to the closure of A, such that ext(/) is 
it-Holder on A [WW] . We call ext(/) the Holder extension of /. 

Lemma 2.4. If w is fi-Holder on a set containing x and y, then 

| e w(»)-w(v) _ X | < _ ^(yJleKxJ-toG/)! 
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2.3 Characteristic Function 

For a word a of length n we let \a denote the characteristic function 



Observe that for any word a of length n, Xa(%) is not Lipschitz on all Ui, 
but it is piecewise Lipschitz. In particular, it is Lipschitz (and hence /i-H61der) 
on Up for any word /3 with \j3\ > \a\, with Lipschitz and Holder constants 
\Xa(%)\up = \Xa(x)\n = 0- We write 



2.4 First Return Map 

For x € U, we write r n (x) — r(x)+r(fx) + . . .+r(f n ~ 1 x). In a three dimensional 
flow, the first return map r is always Lipschitz continuous on 2-cylinders U,j 
for any i,j G 1, . . ., k with A(i,j) = 1. However in higher dimensions r is not 
Lipschitz continuous in general, but it is always Holder continuous on each Uij 
|Haj . Henceforth /i refers to the largest exponent such that r is /i-Hblder on 
every Uij. Then \r(x)\ < \r\oo and \r(x) — r(y)\ < \r\^d{x, y)^ for any x, y in 
the same 2-cylinder. 

Lemma 2.5. Whenever x and y are on the same cylinder U a with \a\ = ra, 
there exists a constant B\ depending only on r, Ci, 7 and /1 such that 




|/9|=n 



r m (2/)| < Bid(/ 



•m— 1 



Proof. 




r m (y)\ < £ \r(f j x)-r(f j y)\ < £ \r\,d(fx,fyr 




m—l 



< 



■in 




1 



—dir^^r-hr 



B x d{f 



■m— 1 



□ 
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2.5 The transfer operator and zeta function 

Let s = a + ib G C, with |o| < ao and |6| > 60 f° r some constants ao, bo- Let h 
denote the entropy of the flow <p t , and for any continuous w : U — > M. let P(w) 
denote the pressure of w. Definitions of these can be found in [W . We have 
P(0) = h. 

Let U C U be the set of points x € Int J7 such that / J :r € Int {/ for any 
integer j > 0. We define the Ruelle transfer operator L^ sr : C(U) —> C(U) by 

L^ sr w(x) = J2 e- sr{y) w(y). 

fv=x 

When x <fc U, r may not be continuous at y for fy = x, and hence L^ sr w 
may not be continuous at x. When L^ sr w is Holder continuous on U, we 
extend this function to points in U using the Holder extension, by defining 
L^ sr w(x) — ext(L_ sr w)(x). 

Define the zeta function £(s) for the flow <p t by 

C ( s ) = TJ(l- e -^) ) -i i 

r 

where the product is over prime periodic orbits r, i.e. f n (x) = i,Vi £ t for 
some n, and 1(t) — r n (x) for some x G r is the length of the orbit. This zeta 
function converges to a nonzero analytic function for 5J(s) > h, where h is the 
entropy of the flow <p t [PSlj . It is important to choose ao large enough that the 
compact interval I = [— ao,ao] contains h. 

For all s G C, we define a weighted sum on the periodic points 

Z n {sr)= J2 ^" (,) . 

f n {x)=x 

We can use the fact that 

C(s) = exp V -Z n (-sr) 
L — ' n 

n=l 

(see [ESI]) to relate the zeta function to the Ruelle transfer operator L_ sr , using 
Ruelle's Lemma, which relates Z n (—sr) to the Ruelle operator L_ sr . 



3 Ruelle's Lemma 

Theorem 3.1. (Ruelle's Lemma) For each Markov leaf Ui, fix an arbitrary 
point Xi G Ui. For all e > 0, ao > and 60 > 0, there exists C £ > such that 



Z n (-sr)-J2L- S rXi(xi) 



n 

< c e |9f(«)i (iii";nu(7' i ) m e m(£+p( ^ ar)) ) 



for all s = a + ib G C with \a\ < ao and \b\ > bo- Here fi denotes the Holder 
exponent of r and P(—ar) denotes the pressure of —ar. 

Our aim in this article is to give a rigorous proof of this lemma. 
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3.1 Proof 



Fix an arbitrary point Xi £ Ui for each Markov leaf Ui. Let e > 0, ciq > and 
6 > 0. 

Proposition 3.2. Let m > 1. Given a function w that is ^.-Holder on all 
cylinders of length m + 1, i/ie transfer operator of w is always [i-Holder on all 
m-cylinders. That is, 

L„ sr : H»(U a ) -> iT"(E/ a ). 

|a|— m+l |ct|— m 

Proof. It suffices to show that for any particular a, if w is /x- Holder on U ia for all 
i with A(i, cto) = 1, then L- sr w must be //-Holder on Int U a . Let w € H^iUia) 
and let x, y G Int {7 Q . Then using Lemma [2T4j we have 



|L_ sr u;(x)-L_ sr u;(y)| = £ e — *•(*«)«;(»«) - ^ e-^Mu/) 

A(i,a )=l A(t,oo)=l 

< ^ |e- 5 ' r ^|(|e sr( ^ ) - sr(l;r) -l||u;(^)| + |u;(iy)-u;(ia;)|). 

A(i,a ) = l 

< X! |e" srto) |(|s||r| A1 e ao|r| ^ c/|M d(^,ij/) AI |w;(zx)| + \w\^d{ix,iyY) 

A(i,a ) = l 

< ke^^dsWrl^M^lw^ + \w\„)C^d(x, V r 
<C 4 \\w\\,d(x 7 yr, 

for some constant C4. So L^ sr w is //-Holder on Int {7 Q . Using the Holder 
extension, L_ sr w is //-Holder on every U a . 

□ 

Corollary 3.3. In particular, if \a\ = m and n > m then L™ sr x a £ H^iUi) 
for all i — 1, . . . , k. 

Since the map / is expanding, any cylinder U a can only contain zero or one 
n-periodic points, that is, a point x £ U a such that f n x — x where n = \a\. 
For each string a, we have to choose a point x a £ U a in a particular way. We 
choose a point from the cylinder as follows: 

(1) if U a has an n-periodic point, then let x a £ U a be such that f n x a = x a ; 

(2) if U a has no n-periodic point and n > 1, then choose x a £ U a arbitrarily 
such that x a £ f(U an _ 1 )\ 

(3) if \a\ =n=l, then U a has no n-periodic point. Choose x a = Xi (where 
i = a a and Xi £ Ui is one of the points we fixed from the start). 
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Part of the second condition was introduced by Naud |Naj . Both |Naj and 
|PS1] leave out the last condition for \a\ = 1, but [PS 2] includes it. The need for 
this condition becomes clear in pj). Note that this is consistent with the other 
two, that is if n = 1 and we choose x a = Xi, we still have that x a £ f(U oln _ 1 ) 
and x a is not a 1-periodic point (i.e. a fixed point). This is because A(i,i) = 
for all i, so there are no fixed points. 



Lemma 3.4. By choosing this way, we have 

(L'- srXa )(x a ) -- 
Proof. We have 



e sr ^°- ) if x a is a periodic point, 
otherwise. 



(L n _ srXa )(x a ) = £ e-"-"^Xa(tf), 

f n y=x a 

so we are looking for points y such that f n y = x a and y G U a . 

Suppose U a has an n-periodic point. Then there is exactly one point y sat- 
isfying both f n y = x a and Xa(y) = 1- Only x a satisfies both of these, so we 
have y — x a . Thus (L™ sr x Q ,)(a; Q ,) = e~ srn ( Xa > when U a has an n-periodic point. 

Suppose U a has no n-periodic point. Then x a G U a but x a (£ f(U arl _ 1 ). 
Suppose for a contradiction that there is some y € U a s.t. f n y — x a . Then 

y G U a =► y G f-^U^ =* /"y G /(C/a n _J =>> a; G /(I^J. 

This is a contradiction, so the sum is empty. Thus {L n i srXa ){x a ) = when U a 
has no periodic point. 

□ 

Lemma 3.5. 

Zn{sr) = J2 {L n - sr X a ){x a ) 

\a\—n 

Proof. Recall that Z n (—sr) is a sum over all period n points of U. Since U = 
U ai we can break up this sum as follows 

|a|=n 

Zn(sr) = Y, e ~ Srn[X) = E E e_Sr " (l) fc(4 

f n x=x \a\=nf rl x=x 

Suppose U a has an n-periodic point. Then it is equal to x a , so we have 
Y e- sr "^ Xa (x) = e — = {L n _ srXa ){x a ). 

f n x=x 

Suppose U a has no n-periodic points. Then we have 

Y e-^^ Xa {x) = = (Ul srXa )(x a ). 

f"x=x 
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Then, 



Z n {-sr) = J2 (L- sr X a )(x a ). 

\a\—n 



□ 



Note that, with the third condition we placed on x a , it is trivial to show 



that 



Proposition 3.6. 



|a|=l 



(2) 



i=l 



Z n {-sr)-^2L v L sr Xi{x i )=^2\ L - sr X a (x a )- L -srXf){xp) 

i=l m=2 V|o!|=jn |/3|=m— 1 

Proof. Expand the sum on the RHS and notice that almost all the terms cancel 
out, leaving only 

Y ( L -srX<x){x a ) ~ Y ( L -srXU a )(x a )- 
\a\—n |a| = l 

Using Lemma 3.5 and this is equal to 

k 

Z n (sr) - Y L -srXi(Xi)- 
i=l 

□ 

Note that for any word /3 of length to — 1, we have Up = {Ja(/3 _ 2 i)=i ^i 8 *' 
so for any x € M we can write 

Xp(x) = Y Xpt(x). 
A(/3 m _ 2 ,i)=l 

So we have, for to < n, 

Y L -srXp(xp) = Y L -srXPi(xp) = ^ ^-srXaOa): 

\P\=m-l \f)\=m—l A(^ m _ 2 ,i)=l |a|=m 

and therefore 



Z n (-sr) - i'^^x^Xj) = Y Y [ L -srXa{x a ) ~ L^ sr x a (xw)] ■ 

i=l m=2\ a \=m 



By Corollary 3.3 L™ sr x Q is //-Holder everywhere on U . So we have, for all 
n> 2, 



\L- sr Xa(Xu) — L"i sr Xa(Xa)\ < \\L1 srXa \\ ^ d(x a , Xaf 

< ||i" s] m || M .||Z/™ sr x a || At d{x a , Xa)^ , 

where || ||^ is the operator norm derived from the /i-H61der norm. 
So we have the following estimate for all n > 2: 



k 

<EE \\Ll-™\\,.\\L m srXa \\»d{x a , X7 ;). (3) 

m=2 |<j|=m 



i=l 



3.2 Particular estimates 

The last part of the proof is to find particular estimates for the three parts in 
the RHS of equation [3] 

1. In the low dimensional case, fi = 1, so can sometimes be es- 
timated using an important theorem of Dolgopyat |PS1| . In this proof 
we leave it as ||L™~™|| M . Later we will show an example of how Dolgo- 
pyat 's theorem can be used in some cases along with the lemma, to get 
an extension of the zeta function. 

2. H-L^^XqII^ is simply estimated by ll-^-VXalU — C|^( s )l in the Pollicott- 
Sharp paper |PS1| . Naud produces a more detailed estimate that we cover 
in detail in the next section. 

3. Since x a ,Xa are in the same cylinder Ua, Q gives us 

d(x a ,x n r < c^ m -Vd(r- 2 x a , r~ 2 ^r < ctKVT, (4) 

for some constant C5 > 0. 

We now fix m > 1 and attempt to estimate ||i_ i sr (X0)|| J u- 
Lemma 3.7. 



otherwise. 



Proof. We have (L™ rX/} )(:r) = ]T ^^xM- 

f m y=x 

Suppose x € f(Up m _ 1 ). Then f m y = x and Xp(v) = 1 implies y = fp X {x). 

So there is only one non-zero term in this sum, which is e~ r ^ x \ 

Now suppose x f{U l 3 m _ 1 ). Then if f m y = x and Xp(y) = L tnen f m l y G 
Up m _ t , so x — f m (y) & f(U/3 m _ 1 ), which is a contradiction. So the sum is zero. 

□ 
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For each admissible word (3 with \/3\ = m, we fix a point yp £ f(Up m _ 1 ). We 
will see later how to choose yp. Set zp — /^ _1 (y / g). 

Lemma 3.8. 

\\L m sr (xp)h < (e ao|a| " Sl +B 1 \ S \e aoWr[1+inBi y~ arm(z * ) - 
Proof. Let \U\ — maxdiam(L^) be the largest diameter possible for a Markov 

i 

leaf. Let x,y be in the same Markov leaf. If x, y ^ f(Up m _ 1 ), then clearly 
\L™ sr ( X p)(x)\ = \L m sr { X p){x)~L m sr { X p){y)\ = 0. OtherwiseTboth x and y are 
in/(^ m _J. 

x and j/,3 may not be on the same leaf, but fgX and fp are on the same 



cylinder Up. So using Lemmas 3.7 and 2.5 we have 



\L™ srX p{x)\ = \e- {a+lh)rm{f e lx) \ = e - arm{f e lx) 

< g|o|k m (/ J s" 1 !«!)-» -m (/^' 1 l//j)| g-«»f m (/^' 1 »j5t) 

< gOo-BidC/"- 1 f; ± x,f m -' 1 f^VpY e -ar m (zp) < e a \U\' 1 B 1 £ 



Since a; and 1 y are on the same cylinder Up, and x, y are on the same 



leaf, we have \r m (f l3 1 x) — r m (fo 1 y)\ < 7 M -Bid(a;, y). Using Lemma 



2.4 



we get 



\L™ sr (xp){x) — L™ sr (xp){y)\ < \e-"- m Ui 1 4 + "- m Ui 1 ri - l|| e — "C^l 

< (^B^d^yfe^^) (e^^ e-* rm M) 

< Ba^sle^^+^^e-^^dix, yY . 
Combining these results we get 

\\L m sr{Xp)\\» = \L m sr {Xp)\oo + \L m s r(X?)\» 

< e ao\U\"B le -ar m (z l3 ) + e ao W ( 1 +^) B ^ e -ar m (zp) 

< UaoWBx +j B l7 M| s | e ao|;7r(l+7 M )Si) e -ar m (2 :/3 )_ 

□ 

Now \s\ = \a + bi\ < \a\ + \b\, where |a| < ao and |6| = |3(s)| > b . So there 
exists a constant B^ such that 

£ II^(x^)IIp<5 2 |3( S )| £ e— m ^). 

1/31=571 |/3|=m 

We now estimate the sum on the right. Naud estimates it directly, using a 
well known theorem |PP2| IBoj . However in |PP2] this theorem does not involve 
a sum over words |/3| = m, but a sum over m-periodic points f m z — z. In |Boj . 
it's not clear that the theorem holds in the way that Naud claims either, so we 
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show how to recover the estimate another way using the theorem as stated in 
|PP2j , Define a function 




-ar m (z) 



Theorem 3.9. (fFFE/ ) Let r : U ->• R be the first return map corresponding to 
the flow cf> t) let f : U —} U be the expanding map corresponding to the flow and 
let a *E I aM. where I is a closed, bounded set in R containing h, the entropy of 
the flow. Let P(—ar) be the pressure of —ar. Then we have <p m (a) — > e p ^ ar ^ 
uniformly in a £ L as to — > oo . Hence, 



In ifimM = — hi e ('^ — > P(—ar) as m — > oo, 

m L — ' 

f m z=z 

uniformly in a G / . 

Therefore for all e > there exists N such that for all m > N and a £ I, we 
have | ln^^a) — P(—ar)\ < e. This gives us 

ln^ m (a) < \ ln<p m (a)-P(-ar)\+P{-ar) <e + P(-ar), 

which implies that (p m (a) < e e+p ^~ ar ^ for all m > N and a £ I. 

Theorem 3.10. For all e > there exists B E > such that for any real a in 
L , and for all m > 1 we have 

Proof. Let b e = max{^ m (a) m : < m < N, a € ^4}, and let B e — max{6 £ , 1}. 
Then the inequality holds. 

□ 

Recall that we can choose yp, and hence zp G Up however we like. Since Up 
may not have an m-periodic point, we cannot simply choose f m zp = zp and 
use the above theorem. However, Up must have a periodic point of some higher 
order, because the periodic points of / are dense in U. We need a much larger 
constant to get the required inequality. 

Definition 3.11. Let p(f3) be the smallest integer such that Up has a p(f3) 
periodic point zp i.e. f p (/3)zp — zp. Define p(m) for any m to be the smallest 
integer such that for all words f3 of length m, there exists zp € Up with f p ^ m 'Zp — 
zp. Equivalently, we define 

p(m) = lcm{p(/3) : \(3\ = to}, 

where 1cm is the lowest common multiple of the set. 
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Now if we choose zp so that f p ( m "> zp — zp, then we have 

y^ e -ar»< m H*i>) = e - arP(m)< - z) . 
\P\=m f»( m )z=z 

„P(m) I 



Finally we write e~ ar ^ z '^ in terms of e~ arP ( z < 9 ' to get the estimate we 
need. For any m > 1, we have p(m) < m + d for some integer constant d that 
depends only on the matrix A. This clearly follows from the irreducibility of A. 
We have 

r p(m) M < r m+d (z fj ) = r{zp) + ... + rir+^zp) 
< r m (z p ) + r(f m zp) + ... + rtr+^zp), 
\r^ m \zp) - r m (zp)\ < r d (f m zp) < d|rU- 

So, 

e -ar m {z fi ) < e -o» J> < m >(« /5 )| e -o(r m (^)-r p ( m )( 2/5 ))| 
|/3|= TO |/3|=m 

< g-o^^^JglaldlrU 
|/3|=m 

fp(m) z — z 

Now we can finally use Theorem |3.10| For all e > 0, there exists B e > 
such that 

^ e -or m ( Zj8 ) < e d|a||r| oo5ee (m+<i)(e+P(-ar))_ 
Ii8|=m 

We can group the constants together by defining C e — C l 5i?2-B e e d ' a " r ' 00 e ci ( £+p (~ 
Then we get 



\P\=m 



Combining this with the third particular estimate, and the inequality ([3]), 
we get the following: 

For any set of points xj., . . . , Xk £ U\, . . . , £4, and for all e > 0, there exists 
a constant C e > such that, 



Zn(sr) - E L -srXi(Xz) 



< 



71 

C £ \<S{s)\ (\\L n T s ™\\^) m e m ( £+p (~ ar » 



m=2 



and this proves Ruelle's Lemma. 
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4 Applying Ruelle's Lemma 



Here we explain some of the context of Ruelle's Lemma, and show how it can 
be used in some cases to estimate the Ruelle zeta function. This was done by 
Pollicott and Sharp in [PSlJ IPS2) and later by Naud |Na| in different cases. 



Both estimates apply in less general cases than the conditions for Theorem 3.1 
In particular they only apply when the stable and unstable manifolds are one 
dimensional. Both estimates also depend on special cases of a very important 



result of Dolgopyat Doll IDo2] . As an example of how Theorem 3.1 can be used, 
we show an estimate of the zeta function in the case considered by Naud [Na] , 
which uses the following version of Dolgopyat 's theorem. 

Theorem 4.1. (Dolgopyat) Let <p t be a smooth transitive Anosov flow on a 
compact Riemannian manifold such that <p t is non-integrable and has entropy 
h, and the local stable and unstable foliations are C 1 . Then there exists Cq > 
0, £2 > 0, bo > and < p < 1 such that whenever h — £2 < 3?(s) < h and 
\%(s)\>b , 

\\L r l sr \\u P < C 6 |3( S )|p", Vn>0. 



A similar estimate for open billiard flows was proved in |Stl) . and more 
general results were proved in |St2j . Since W/(x) and W™{x) are C 1 , the first 
return map is Lipschitz so we have p = 1. 

Let a = 5f(s) € [h — £2, h] and let |5(s)| > bo as in the above theorem. By 
applying theorems |3.1| and |4.1[ we get 



k k 

\Z n {s)\ < \Z n ( S )-J2L- S r(Xi)(Xi)\ + \Y, L -sr(Xi)(x^ 
i=l i=l 
n k 

<C e \Q{s)\ ^ (||^;ri| Li p7 m e™( £+p (— ») +£||L» sr || Lip 

m=2 i=l 
n 

< C e |3(s)| (c 6 |3(s)|p™- m 7 m e m ( £+p (- QI '») +fcC 6 |3( S )|p™ 

n / \ m 

< C 6 C e \Z(s)\ 2 p n V le*+n-«r) + k C 6 \Z(s)\p n . 

) 

Although the p in Theorem |4.1| is fixed, the inequality in the theorem still 
holds for larger p, as long as p < 1. Thus we can choose p so that 1 > p > 7. 
Note that P(—hr) = 0, so by taking e small enough, a = 5R(s) sufficiently close 
to h, say \a — h\ < S for some 5 > 0, and ^ sufficiently small, we can have 

l e s+P(-ar) < 1 
P 

This simplifies the inequality to 

l^nOOl < C 6 C e \%(s)\ 2 p n + fcC 6 |3( s )|p" < C 7 |3(s)| 2 p", 
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where C7 = CqC e + kCeb 1 is simply another constant. Now we can obtain an 
estimate for C( s )- The Ruelle zeta function |PSlj is given by 



C(«)=eq>f£iz„(-*r)J . 



So we can continue this zeta function analytically to the domain 

{s : |SR(s) -h\< mm{e 2 ,S} and |3(s)| > 6 }, 
for some £2, fro > 0. In this region we have 

ex P (-£ ^ K(*)l ^ cx p (E ^«(-^)lJ 

exp Lc 7 |3( S )| 2 £ Vj < |C(s)| < exp \C 7 ms)\ 2 ^pA 
exp f-C 7 |3( S )| 2 ln f - J— X) < \((s)\ < exp fc 7 |3( S )| 2 ln f ' 



This demonstrates the application of Ruelle's Lemma to estimating the zeta 
function. 
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